B{cos v, sin 1)

T —>X
’A\ [2) \ o
‘ﬂ

. ;
Alcos u, sin i)

(k)

FIGURE 5.9 Angles i and v are in stan-
dard position in (a), while angle 8 = » — v ig
in standard position in (b). The chords shown
in the two circles are equal in length.
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Square both sides to eliminate the radical and expand the binomials to get
cos® u ~2cosucosv + cos? v + sin? 4 Zsinusin v + sip?

=c0os*6 — 2cos@ + 1+ sin2g

(cos? u + sin u) + (cos? v + sin? V) — 2¢os ucos v —

2 sin u sip
= (cos? @ + sin? 0) + 1 — 2 cog g

2“2COSMCOSV*2Siﬂusinv:2—2cose

COos u cos v + §in « sin v = cos &

Finally, since 6 = u — v, we can write

€08 (¥ — v) = cOS 1 coS v + Sin i sin v,

EXAMPLE 1 Using the Cosine-of-a-Difference Identit

Find the exact value of cos 15° without using a calculator.

SOLUTION The trick is to write cos 15° as cos (45°
knowledge of the special angles.

cos 15° = cos (45° — 309

— 30°; then we car

Il

= cos 45° cos 30° + sin 45° 8in 30°  Cosine difference |

212l

Cosine of a Sum

Now that we have the formula for the cosine of a difference, we can get the forml
for the cosine of a sum almost for free by using the odd-even identities.

cos (u + v) = cos (u ~ (—1))

'

=COS 1 COS {(—V) + Sinusin(~v)  Cosie differonce

Ccos u cos v + sin u{—sin v) Odlel-even identities

=COSUCOSY — 8inusinv

We can combine the sum and difference formulas for cosine as follows:

“Cosine of a Sum or Difference

_ COS 1 COS v Tsin i sin v
*(Note the sign switch in either case) o

We pointed out in Section 5.1 that the Cofunction Identities would be easier to P
with the results of Section 5.3, Here is what we meai.
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 EXAMPLE 2 Confirming Cofunction Identities

Prove the identities (a) cos ({(7/2) — x) = sin x and
(b) sin ((77/2) — x) = cos x.

SOLUTION

{a} cos (—g- - )

(b} sin (;g- - )

E) sin x Cosine s wdentity

s .
= COS (——) cos x -+ sin 9

2

=0s+cosx+ 1s+s8inx

=sinx

s £ o= oos () o H)
= CO8 (jz - E - by previons prool’
S22
=cos (0 + x)
— COS X

< Nowury Exercise 41

Sine of a Difference or Sum

oo e of a
We can use the cofunction identities in Example 2 to get the formula for the sine o
sum from the formula for the cosine of a difference.

sin (u +v) =

Cofunetion wlentity

—(u+ v

|
ol

cos (721' - u) cos v -+ sin

SIE

A Diltle algebra

z_ plsiny  Cosine difference idenhty
2

sinucosv + cos i sinv Cofunction idlentites

Then we can use the odd-even identities to get the formula for the sine of a difference

from the formula

sin (u — v)

for the sipe of a sum.

sin (M + ( '—V)) A fittle algebra

I

sin u cos {—v) + cos u sin (—v) Sine st identily
= &N U COSV + COS U (—Sin v) Oudg-oven wlentities

= §in K COS v — COS i Sin v

We can combine the sum and difference formulas for sine as f(jl}?ws:

‘Sing of & Siim or Difference & .

- (Note that the sign does norswiich in cither case)

sk vj=sinucds .k cosusiny
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We can solve for a as follows:
(@ cosc)? + {asin c)? = 22 + 52

a?cos? e+ a?sin? ¢ = 29

a*(cos? ¢ + sin? ¢) = 29

=29 Pythogorean ldentity

a=*V29

If we choose a to be positive, then cos ¢ =2/V29 and sin ¢ = 5/
can identify an acute angle ¢ with those specifications as either cos ™! 2/\/‘ ;
(5/V/29), which are equal. So, an exact sinusoid for fis !

Fflx) =2sinx+ 5cosx
=asin (bx + ¢)
29 sin (x + cos™! (2/\/56)) or V29 sin {x + sin~! (5/\/5)): :
- Now try Exerc

| QUICK REVIEW 5.3 (7or hel, go o Secrions 42 and 5

In Exercises 1-6, express the angle as a sum or difference of spec:al

angles {multiples of 30°, 45°, @/, or 7/4). Answers are not unique.

1.15° 275
3. 165° 4. 7/12
5. 57/12 6. F7/12

In Exercises 1-10, use a sum or difference identity to find an exact
value.

1. sin 15° . tan 15°
3. sin 75° 4. cos 75°

T T
5. - —_—
Ccos 12 . sin B

S
7. tan — 2
au12 . tan 12

Tar —ar
9. _— i
cOos 12 10. sin 15

In Exercises 11-22, write the expression as the sine, cosine, or fan-
gent of an angle.

11, sin 42° cos 17° — cos 42° 5in 17°
12. cos 94° cos 18° + sin 94° sin 18°

In Exercises 7-10, tell whether or not the identity
flx +y) = f{x) + f() holds for the function f.
7. flx})=Inx 8. flx) =¢&
9. fix) = 32x 10. flx)=x+ 10

LT ™ T T
13. sin —cos — + sin - cos —
5 o8 7+ sin-cos

. T T T T
14. sin = cos — — sin — cos —
sin -3~ cos 7 sin 7 cos
tan 19° + tan 47°
"1 — tan 19° tan 47°

tan (7/5) — tan {m/3)
"1+ tan (@/5) tan (7/3)

7

19, sin 3x cos x — cos 3x sin x

ks T, T . L5
17.cos_cosx+sm75mx 18. cosxcosT—smxsm':','-

20. cos 7y cos 3y — sin 7y sin 3y
tan 2y + tan 3x
"1 —tan 2y tan 3x

tan 3a — tan 23

22. 1 + tan 3e tan 28

ses 2330, prove the identity.

V3 1
——ginx + - cosx

2 2

*\gz (cos x + sin x}

~1+tand
1—tand

T .
= —sin 0

ses 31-34, match each graph with a pair of the following
s_;-__Use your knowledge of identities and transformations, not

I X COS I+cosxsinid
s (x — 3}

os xcos3 -+ sinxsin 3
in (x + 1)
cos 3 cos 2x -+ sin 3 sin 2x

in 2x cos 5 — cos 2xsin 3

by -1, 1]

27, 2] by [1, 1]

{27, 2x] by {-1, 1]

SECTION 5.3 Sum and Difference Identities 469

In Exercises 35 and 36, use sum or difference identities (and not your
grapher) to solve the equation exactly.

35.sin2xcosx =cos 2xsinx 36. cos Axcosx = sin 3xsinx

In Exercises 3742, prove the reduction formula.

37. sin(—g—u)=cosu 38. tan( )=cotu

39.cot(~72£*u)—tanu 40. sec ( Wu)—cscu

41. csc (12]: - u) = $C U

42. cos (x + %) = —sin x

In Exercises 4346, express the function as a sinusoid in the form
y = asin (bx + c).

43.y = 3sinx + 4cosx 44. y=5sinx — 12 cos x

45,y =cos3x +2sin3x - 46. y=3cos 2x — 2sin2x
In Exercises 4753, prove the identity.

47, sin (x -~ y) + sin (x-+ y) = 2sinx cos ¥
48.cos (x —y) + cos{x + y) = 2cosxcosy
49. cos 3x = cos® x — 3 sin® x cos x

3u

50. sin 31 = 3 cos? u sin # — sin

B1.cos 3x + cosx = 2 cos 2x cos x

52, sin 4x + sin 2x = 2 sin 3x cos x

; tan? x — tan?y

. +y)tan (x — y) =

63. tan (x + ) tan (x ~ ) 1 — tan® x tan® y
tan? 4u — tan® u

B4, tan 5u tan 3u = T tan® 4n i

sin{(x +y) _ (tanx -+ tan y)

“sin(x—y) (tanx — tany)

Standardized Test Questions

56. True or False If A and B are supplementary angles, then
cos A + cos B = 0. Justify your answer.

57. True or False Ifcos A + cos B = 0, then A and B are
supplementary angles. Justify your answer.
You should answer these questions without using a calculator,
58. Multiple Choice If cos A cos B = sin A sin B, then
cos (A + B) =
{A)0 (B) 1
(C)cosd +cos B (D) cos B + cos 4.
(E}cosAcos B+ sinAsinB




